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Abst rac t - - In  this note, we show that the oscillation of all solutions of the equation 
[r(t)g (y'(t))]' + p(t)f(y(t)) = O, (E) 
extendible to infinity, follows from the oscillation of all solutions of the associated linear equation 
[r(t)x'(t)]' + kp(t)x(t) = O, 
m 
where g(u)/u <_ m, and either f(u)/u >_ k or f'(u) >_ k, for every u ¢ 0 and some m, k > O. Using 
these results, we show that all solutions of the equilibrium capillary surface quation 
t +Bty=O, B>O, t>O, 
are oscillatory. @ 2000 Elsevier Science Ltd. All rights reserved. 
1. INTRODUCTION 
Consider the differential equation 
[r(t)g(y'(t))]' + p(t ) f (y( t ) )  = O, t > to (E) 
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subject to the conditions 
e c'[[t0, oo), (0, ~)1 
uf (u )  > 0 
ug(u) > 0 
and p is nonnegative, noneventually vanishing function on [to, c~), 
for u ~ O, (C) 
for u # 0. 
A continuous real valued function F on It0, oo) eventually has some property if there exists a 
real number T1 >_ To such that F has some property on IT], oo). The function F on [to, oo) is 
called nonoscillatory, if it is eventually of constant sign. Otherwise, it is called oscillatory. By 
a solution of (E), we mean a function u E C'[[t0, c~), R], such that r(t)g(u'(t)) is differentiable, 
and u satisfies (E) for all t > to. 
The continuity of the real-valued functions r, g, p, and f and sufficient smoothness for the 
existence of solutions of (E) on an infinite subinterval of [to, oo) will be assumed. In what follows, 
the term "solution" is always used only for such solutions of (E) that are defined for all large t. 
Recently, there is an increasing interest in studying the assymptotic behavior of (E) in both 
cases of the p < 0 and p > 0. In the case p < 0, all solutions are nonoscillatory and the detailed 
study of the asymptotic behavior of these solutions can be found in [1,2]. In the case p > 0, it is 
possible to have both oscillatory and nonoscillatory solutions. This case was investigated in [3,4] 
and also in some other papers such as [5-7]. We are especially interested in the equilibrium 
capillary surface equation 
y/ 
t + Bty  = O, B>0,  t>0 (1) 
investigated by Finn in [2]. He proved that all solutions of this equation oscillate. Here, we will 
provide a different proof of this result using some general oscillation results obtained below. 
2. MAIN  RESULTS 
LEMMA 1. Assume that y is a nonoscillatory solution of (E). Then the//near equation 
(R(t)z'(t))' + P(t)z(t )  = o, (2) 
where 
R(t)  - r(t)g (y'(t))" and P(t)  - p( t ) f (y( t ) )  
y'(t) y(t) ' 
is nonoscillatory. 
PROOF. Assume that y is nonoscillatory solution of (E). Then, in view of (C), y'(t) is also 
nonoscillatory. Introducing the Riccati-like transformation 
w(t )  = ,-(t)a (y'(t)) 
y(t) ' t >_ T, 
we see that the equation 
w'( t )  - 
p(t ) f  (y(t)) W2(t) 
y(t) r(t)~ (y'(t))/y'(t) '  t > T (3) 
has a nonoscillatory solution. 
Setting 
P(t)  - p( t ) f (y( t ) )  
u(t) 
and R(t) - 
r(t)g(y'(t)) 
y'(t) 
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equation (3) can be rewriten as 
W'(t) = -P ( t )  W2(t) 
n(t)  ' 
that is, 
w2(t)  
W'(t) + P(t) + R(t-----)- - O. (4) 
Now, as is well known (see for example [8; 9, p. 63]), equation (4) has a solution if and only if 
the linear equation (2) is nonoscillatory. This completes the proof of lemma. 
THEOREM 1. Assume the functions f ,  and g satisfies 
f(u) >_ k, for every u # 0 and some k > 0, (5) 
U 
and 
g(u) < m, for every u # 0 and some m > 0. (6) 
I f  all solutions of equation 
L 
[r(t)z'(t)]' + mP(t)z(t) = 0, (7) 
axe oscillatory, then all solutions of equation (E) are oscillatory as well. 
PROOF. Otherwise, (E) has a nonoscillatory solution y. By (C), y' is nonoscillatory too. In view 
of Lemma 1, equation (2) has a nonoscillatory solution. 
On the other, hand in view of (5) and (6), we get, respectively, 
P(t) = p( t ) f  (y(t)) > kp(t), 
y(t) - 
and 
R(t)  = r ( t )g(y ' ( t ) )  < mr(t) ,  
¢( t )  - 
respectively. Using the classical Sturm's comparison theorem [9, p. 5], we conclude that the linear 
equation (7) has a nonoscillatory solution, which is a contradiction. 
EXAMPLE 1. All solutions of equation (1) are oscillatory. Actually, in this case both condi- 
tions (5) and (6) are satisfied with k = m = 1. Thus, equation (7) in this particular case takes 
the form 
[tz'(t)]' + Btz(t) = 0, t > 0, (8) 
which is, in view of the Leighton-Wintner result [9, p. 70], 
T = Btdt  = c~, 
oscillatory. 
Now, we give a result related to Lemma 1. 
LEMMA 2. Assume that y is a nonoscillatory solution of (E). Then, the linear equation 
~ • 
(R(t)z ' ( t ) )  + p(t)z(t) = o, (9) 
where 
f ¢(t)) 
[~(t) = r(t)g ~ y , ( t )~( t )  ] ' 
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is nonoscillatory. 
PROOF. Assume that y is a nonoscillatory solution of (E). Then, in view of (C), y'(t) is nonoscil- 
latory as well. Introducing another Riccati-like transformation 
r(t)g (y'(t)) 
w(t)  = / (y ( t ) )  ' 
we see that V(t) satisfies 
v ' ( t )  = -p ( t )  - 
Set 
v2( t )  
r(t)g (y'(t)) /y ' ( t ) f '  (y(t)) ' 
t _> T. (10) 
k( t )  -- r(t)g (y'(t)) 
y ' ( t ) / ' (y(t))"  
Then, equation (10) can be written as 
V'(t) + p(t) + V2(t) = 0. 
Again using a well-known result [9, p. 63], we conclude that equation (9) has a nonoscillatory 
solution, which completes the proof. 
THEOREM 2. Assume that g satisfies (6) and f is differentiable and satisfies 
f '(u) > k, for every u ¢ 0 and some k > 0. (11) 
Then the assertion of Theorem 1 holds. 
PROOF. Otherwise (E) has a nonoscillatory Solution y. In view of Lemma 2, equation (9) has a 
nonoscillatory solution. 
On the other hand, in view of (6) and (11), we have 
it(t) = r(t)g(y'(t)) < m 
f'(y(t))y'(t) - -~r(t). 
Using Sturm's comparison theorem [9, p. 5], we conclude that the linear equation (7) has a 
nonoscillatory solution, which is a contradiction. 
EXAMPLE 2. Using Theorem 2, we can provide another proof that all solutions of (1) are oscil- 
latory. Actually, in this case both conditions (6) and (11) hold with k = m = 1. Equation (7) in 
this case has the form (8), which by Example 1 is oscillatory. 
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